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CURRENT NOISE IN TRANSPORT OF HYDROPHOBIC IONS THROUGH LIPID BILAYER MEMERANES
INCLUDING DIFFUSION POLARIZATION IN THE AQUEOUS PHASE
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An exact treatment of the current noise spectrum produced by transport of hydrophobic fons through membranes is
presented, including the coupling of the diffusion processes through both the agueous phase and the memorane. Both the
equilibrium and the steady state noise spectra are computed. The theory contains previous results as limiting cases. The
structure of the spectra is discussed with emphasis upon how noise measurements can be used to estimate kinetic param-
eters, especially the rate of desorption from the membrane. For this restricted model there is no low frequency divergence
in the non-equilibrium current noise, i.e., for the model treated there is no 1/f noise.

1. Introduction

The measurement and interpretation of statistical
fluctuations in membrane conductance is a topic of
substantial current interest [1—-5]. A problem which
has generated speculation is the physical origin of the
so-called 1/f noise reported for current and voltage
fluctuations about the non-equilibrium steady state
for ion transport through some biological and artificial
membranes [1—3]. Model calculations have suggested
that this feature of the membrane noise spectrum
may be related to the effect that diffusion has on the
kinetics of ion transport across a membrane [6—8].
However, these analyses treat diffusion separately
from the membrane kinetics; as a result no theory of
the noise spectrum incorporates the coupling of
aqueous diffusion and membrane processes.

In this paper the cuurent noise is calculated for an
exactly soluble model of hydrophobic ion transport
across a lipid bilayer membrane. This model, first sug-
eested by Ketterer e.a. [9], describes transport as 2
five step process:

a) diffusion through the aqueous phase to the lipid

* Permanent address, to which correspondence should be
addressed.

membrane;

b) adsorption at the interface;

©) translocation across the miembrane interior;

d) desorption into the bulk phase;

¢€) diffusion in the bulk solution.

As has been shown by Jordan and Stark {10] in
their interpretation of voltage jump-current relaxa-
tion experiments, the Ketterer model is soluble with-
out approximation if it is assumed that the only pro-
cess affected by application of an external voltage is
translocation. Under this restriction an exact expres-
sion for the relaxation current, including the effect
of diffusion polarization, was found. By applying
their analysis estimates of the desorption rate con-
stants for the systems phosphatidylserine/tetraphenyl-
borate and phosphatidylcholine/tetraphenylborate
were obtained.

As the current noise is the Fourier transform of
the current aurocorrelation function it should not be
surprising that the Ketterer model as ireated previous-
1y [10] also yields closed form expressions for the
noise spectrum. In section 2 the equilibrivm noise
spectrum is computed and its structure, both in gener-
al and in some physically iraportant limiting cases, dis-
cussed. In section 3 the current noise for fluctuations
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about a steady state is computed using a theory due
to Frehland [111. Comparison with the results of sec-
tion 2 yields an exact formula for the excess noise; at
least for this model system there is no 1/f dependence
at low frequency. Section 4 recapitulates the major
conclusions.

While the model is treated exactly, it remains a
greatly simplified picture of physical reality. The re-
strictions and their physical significance have been dis-
cussed previously [10]; that discussion is not repeated
here.

2. Equilibrum fluctuations
2 1. Derivation of the power spectrum

For systems fluctuating about equilibrium the
power spectrum, G(f), of electric current fluctuation
at frequency f is, according to the Nyquist theorem,
determined by the real part of the complex admit-
tance, Y(¥) [12—16]}

G(f)= 4kgT Re Y(f) , (¢))

here kg is Boltzmann’s constant and T is absolute
temperature. The admittance is defined as the response
of the system to a small voltage perturbation from its
stationary value. Calculation of Y(f) may be effected
in many ways. For our purposes the easiest method is
to assume a §-function perturbation of intensity {,

SV(O=V@)~ V;=38@), @

from which the admittance is computed as the
Fourier transform of the current response [15,16]

Y¢) =% f " exp(2mifr SI() dr 3)

here 31(¥) is the difference between the current and
its stationary value

SID=ID)—1I . @

Calculation of 81(¢) requizes solving the kinetic
equations for the system being studied. The funda-
mental equations governing hydrophobic ion trans-
port when a trans-membrane potential is applied are

f10]
oC'Jor=Da2C'[ax2 , O]
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AN'fde = pKCl — (K + KN’ +K'N" ©)

where, as defined previously, C’' (C"")and N’ (N") are
the ion concentration in the aqueous phase and the
jon surface density at the interface on the left (right)
hand side of the membrane; Cy = ({0, 1) is the ion con-
centration in the aqueous solution adjacent to the
membrane. The desorption rate constant is k, that for
adsorption is 8k, the translocation rate constant from
left to right (right to left) is kj(k]") and the aqueous
diffusion coefficient is D. The condition which ac-
counts for conservation of matter at the membrane
interface is

DaCyJox =pkCp— kN', x=0. D

Analogous equations describe processes on the right
hand side of the system; the superscripts ' and " need
only be interchanged. With concentrations and sur-
face densities given in particulate (rather than molar)
units the ion current is

(D) =zegA[KiN — ki N} ®

where z is the ionic valency, e, is the electronic charge
and A4 is the membrane area. The assumption that only
translocation is voltage dependent is explicit in eqgs.
(6) and (8); the adsorption and desorption rate con-
stants are the same at both left and right hand sides

of the membrane.

At equilibrium both the stationary value of the cur-
rent and the voltage are zero; as a result the transloca-
tion rate constants kj and kj’, the concentrations C’
and C" and the surface densities N' and N'’ are equal.
For a small voltage displacement, irrespective of the
nature of the internal barrier to transiocation, the
rate constants may be written as

K= &;[1 +zeg3V/2kp T} ,

K =k;[1 —z208V/2kgT] . ©®

Because of the basic symmetry in the kinetic equa-
tions, the significant concentration variables are those
introduced previously [10],

c(x, t) = % [C'(x: t) - C'(xv t)] >

2O =3IN"(O—-N@] . (10)
Combining egs. (5)—(10) yields
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dc/atr = Do3cfox? , a1
dn eghfC
"Bkco—(k+2k)n+k~ kg 3V {12)
Dacy/ox = pkey — knr (13)
81 = [ iad ——— 8V — 2k; ] 14
zeOA ‘ k 7" 7 s ( )

from which the current response may be calculated
Here C is the bulk ionic concentration far away from
the membrane; as long as no voltage is applied Cp =
Co=Cand N'=N"=0C.

The solution to egs. (11)—(14) is found using the
Laplace transform method as applied before [10};
the current response, assuming a §-function voltage
pulse, is then

81(r) = (k;z2e3ABCIkgT) (15)

Xf{s(t)" fdze’ z+1 +\/mz/(1 +a/wz)
where
K=K +Ekf =2k;, w=D/kp?, g=«r/k. (16)

Combining egs. (1), (3) and (15), using the Laplace
inversion approach outline in App. A of ref. [10], and
integrating over z, the equilibrium power spectrum is

G(N=6G_.[1 —SMm] an
with
= 44pCz2e}k; , (18a)
Sy = 2\7{5 -f dl: u42 2 :
u? +12 wu?jgu? —y}2+@2—-1)2,
(18b)
v=2aflk, y=g+1. (18¢c)

The structure function S(v) may be expressed in
closed form; the result, derived in the Appendix, is

S@) = [P1(») — P,(M)1/R®) 19)
with
P (»)=1+02 — w7 +8)v2 + w2 yg(v2 +g2v2p2

(202)

Py(v)=Vwr[2{[1 +2v — 2]
+ w[—y2 + 2gyw + g22] 0}, (20b)
R@)= (1 +v2)?

— 4oy +gr2p? + (2 +g2 + g (200)

Eqgs. (19) and (20), while complicated, are readily
evaluated as functions of the scaled frequency v for
various values of the parameters g and w. Only at low
frequency is there a simple approximation to G(f).
From egs. (16)—(20) G(f), asf— 0. is

G() = 24Cz2e3~/aDF

X {1 +@aff)[2 — wy?] + 3. @1

Two points should be noted. The equilibrium power
spectrum is proportional to f 1/2 at low frequencies.
This is a direct consequence of diffusion; were only
first order relaxation processes significant the leading
term would be proportional to f2_ Secondly, the limit-
ing behavior at low frequency is independent of mem-
brane kinetics, a result that mirrors the long time be-
havior of the relaxation current [10,17].

Egs. (17)—(20) do not describe current fluctua-
tions at arbitrarily small values of f since the current
response function, as given by eq. (15),is derived as-
suming the system to be infinite in the aqueous phase
[10]. We are therefore restricted to frequencies large
enough that diffusion only occurs in the unstirred
layers. For an unstirred layer of thickness L, the cut-
off frequency can be estimated as f~ D/7L2. Given
hydrophobic ions with D ~ 5 X 106 cm2 s—1 and
unstirred layers 100—300 um thick, the cut-off occurs
in the range 10—3-10—2 Hz, i.e. at lower frequencies
than those presently used experimentaily [18,19].
Thus the power spectrum given by egs. (17)—(20),
while not valid everywhere, is applicabtle throughout
the frequency range discussed in the published ’itera-
ture.

2.2 Interpretation

Of the four fundamental parameters that detes-
mine the equilibrium power spectrum, D, 8, k and k;,
only D is lipid independent. The others must be de-
termined from transport measurements involving mem-
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branes. Two relationships may be established from the
limiting properties of the noise spectrum. From eq.
(18a) fk; may be czlculated from the intensity of the
white noise,

Bk; = G [4ACz2€] . (22)

There can, however, be a problem in exploiting this re-
sult, because, as previously indicated [10], the bulk
concentration of hydrophobic ion is not accurately
known since ions are continually being leached out of
the aqueous solution into the torus surrounding the
membrane. Unlike the case of current relaxation,
there appears to be no simple general relation that es-
tablishes k; from experimental data [10]. However,
eq. (17), with egs. (19) and (20), yields the general
result

2k;(k + 2k;) = — 1 ( dG ) , (23)
412G _\dQ/r?) /==
so that by plotting G versus 1/f2 in the high frequen-
cy region some information can be obtained, vnfortu-
nately not simply the value of k; (unless desorption is
significantly slower than translocation). But, as we
shzil see, the practical problem of determining k; is
often much simpler; in most interesting systems &;
may be readily deduced from the shape of the struc-
ture function.

Although the low frequency noise, eq. (21), is in-
dependent of &, k; and § the approach to this limit is
quite variable. The shape of the spectrum is a compli-
cated function of g and w. As in the case of current
relaxation there are qualitative differences in the struc-
ture function S(v) depending upon the magnitude of
these parameters [10]. The distinctions reflect the
same physical possibilities catalogued previously, i.e.
whether diffusion, adsorption/desorption or trans-
location is most significant at relatively high frequency.

2.2.1. Rapid diffusion (wg=DJkZ > 1).
In this case the powar spectrum, from egs. (16)—
(20), is

G(NH_, % _ 1— Kk(k + k)

G, 2 +g2p2 x +5)2 +4n2f2
The spectrum is essentially a complementary lorentzian
with characteristic frequency (k + k)/27 in exact anal-
ogy to the behavior of the relaxation current in this
limit where there is a single relaxation with decay con-

@9

stant ¥k + k [9]. At low frequency G(f} approaches a
constant (non-zero) limit, in apparent contradiction
to the general result, eq. (21). This is an artifact of the
limiting process; when v is sufficiently small the quan-
tities w2g2v2 in eq. (20) no longer dominate the ex-
pressions for P; (») and R(») and eq. (24) is no longer
applicable. However, until the diffusive domain is
reached, there is a low frequency region in which the
noise intensity is constant.

2 2.2. Rapid interfacial equilibrium (g=k[/k < 1).
Here eas. (17)—(20) do not simplify as drastically,
the result is

G(f) _Vewr2{1+2—wp—v2}+ v2 {2 — 3eot1+v2}
G 1+ (w2 —4w+2p2 +04 (25)
Depending upon whether diffusion is fast or slow the
noise spectrum is significantly altered. When diffusion
is relatively slow (c« - 0), the power spectrum is again
complementary lorentzian

G()_ _»?
Gu» 1+ ,,2 K:’. +4ﬂ-2f2 ’
with characteristic frequency k/2#, in agreement with
the results of Kolb and Lauger [19]; naturally this re-
sult mirrors the current relaxation with its decay time,
k—1 [10]. When diffusion is relatively fast eq. (25)
becomes, with egs. (16), (18¢) and (22),

G(D _VBf(1 — 2bf) + 4b2f2
G.. 1+4b2f2

An2f2

(26)

b=nD(2ACz2e}/G.)? , @7

an expression similar to that describing the relaxation
current in the same physical limit (rapid interfacial
equilibration and rapid diffusion) [10]. Whereas the
relaxation current is established by knowledge of the
initial current, the power spectrum is completely spe-
cified by the intensity of white noise.

2.2.3. Slow diffusion in the aqueous phase (¢ = Df
kf2 < 1) or slow interfacial equilibrium (g = k/k > 1).

Here the power spectrum, from eqgs. (16)—(20),
again yields the complementary lorentzian line shape,
eq. (26), when the prescribed limits are taken. As with
relaxation, the membrane is in either case effectively
isolated from the bulk solution. The noise spectrum
only reflects translocation kinetics.
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The general purpose of noise analysis is to provide a
different technique for characterizing the kinetics of
membrane transport. As already noted, eq. (22), the
limiting behavior at high frequency may be used to
establish the product gk;. No simple general relation
(i.e. an analogue to ea. (30a) of ref. [10]) fixes k;.
However, as will become clear, k; may often be deter-
mined by the high frequency line shape which is, for
a broad range of g and w values, complementary
lorentzian. As long as the high frequency spectrum
satisfies eq. (26) k; may be estimated by solving

G(ky/n)=G /2. (28)

If this is possible the determination of the desorption
rate constant & depends upon how sensitive the puer
spectrum is to variation of &. As high frequency prop-
erties usually fix « = D/k2, the most direct approach
to k is to compute G(f)/G,, for fixed w and variable
£. If calculated and measured curves are superposable
g, and from eq. (16), k can be determined.

To illustrate the difficulties with this approach as.
well as to illuminate the structure of the power spec-
trum, the ratio G(f)/G, is plotted as a function of g
for the w-values 10—4,10~2, 1, and 102 in fig. 1.
When w is 10—4 the high frequency spectrum is com-
plementary lorentzian over a broad range and £; is
easily established from eq. (28). Determination of k
is more difficult. Unless accurate measurements, dif-
ferentiable from the background noise, are feasible at
low power levels no distinction between g-values is
possible. Assuming that intensity levels 0.1% of white
noise are ascribable to membrane processes, distinc-
tions between g-values can be made if they lie in the
range 102—103; otherwise only lower or upper bounds
on g can be given. Naturally if more accurate measure-
ment is possible a larger range of g may be differen-
tiated.

For « = 10~2, the high frequency spectrum is still
complementary lorentzian so that k; can be establish-
ed. The range of differentiabie g-values is now larger.
Assuming the 0.1% intensity level, distin<tions are pos-
sible for 10 $ g < 103. For w = 1 the range of sepa-
rable g’sis greater, from ~1 to ~107 ; howevz, there is
a new problem. It becomes hard to determine £; since
the high frequency spectrum remains complementary
lorentzian for only the first 10—15% of the intensity
decrease. In effect the diffusive domain has encroach-
ed upon the high frequency one. Yet larger values of

n

« further complicate the determination of k; since,
unless g = 1, there is no high frequency complementa-
ry lorentzian behavior.

The general conclusions are these:

a) Establishment of g is difficult at small «c. Assum-
ing a detectable and differentiable noise level 0.1% of
the white noise, marginal discrimination between dif-
ferent g is no longer possible for «w << 106,

b) At larger w greater discrimination is possible.
Under the best conditions g may be estimated as long
as it is in the range 1 < g < 103 (assuming background
noise 0.1% of the white noise).

c) At small w the high frequency spectrum is pure
complementary lorentzian. The shift to the diffusive
domain is gradual unless g is very large in which case
a plateau separates the two regions.

d) At larger w the three regions — diffusive, plateau
and complementary lorentzian — are clearly distin-
guishable at smaller g values. However, for g too small
the diffusive domain and the plateau dominate; there
is no longer a clearly disiinguishable complementary
lorentzian regicn.

3. Non-equilibrium fluctuations
3.1. Derivation of the power spectrum

For fluctuations about a steady state the power
spectrum must be computed in a totally different
fashion. The Nyquist theorem no longer applies [20]
and current fluctuations are not given by eq. (1). The
system cannot be taken to be infinite in the aqueous
phase since, under such constraints, egs. (5)—(8) per-
mit only one solution, /; = 0, no matter what the ex-
ternal voltage.

Assuming unstirred layers of equal thickness L in
contact with reservoirs in which the ion concentration
is maintained at its bulk value C, the stationary con-
centration profile is that shown in fig. 2. Defining the
gradients

8C'[ox = —-3C" " Jox = 29)

eqgs. (5)—(8) and their right hand side analogues are
readily solved for steady state values of the current,
concentration displacement and surface density dis-
placement. The results, using the definitions of eqs.
(10), (16) and (18c), are
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Fig. 1. Spectrum cf reduced equilibrium current noise G/G« as a function of reduced frequency v = 2af/(k} + k{") = 2af/« for
various values of the parameters w and g. A) w = 107%; B) w = 10"2; O) w = 1; D) w = 102. The values of g are given in each
graph. In each case there is no noticeable change in the noise spectrum if g is reduced below the smallest value given.

, =OBC_Da _ AGC [Bwg+L (303) a=c/L = AC/[k(Bewy + L)] (30d)
s K K k |Bwy+L}’ with
s Da_AC L A=K - & G
€ 3 k8 x Boy+L° (30b) 1 1

For the problem at hznd the current noise spectrum
in the stationary state may be computed using a meth-
od developed by Frehland [11,20]; the system is treat-
ed as a sequence of separate energy barriers, precisely
the approach required in one dimension. Instead of

I, =zeqg A{ABC — knS}

= zeq ABCA {fw/(Boy + L)} =zeqADa , (300)
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Fig. 2. Schematic steady state concentration profile for hydrc-
phobic anions under an applied potential assuming unstirred
layers of thickness L in contact with reservoirs containing
anions at equal concentration. System polarity is indicated.

calculating the admittance, the regression of flux fluc-
tuations is computed and related to the power spec-
trum via the Wiener—Khintchine theorem. The anal-
ysis is simplified because only those fluctuations
which involve the movement of ions through a poten-
tial difference contribute to current noise. Applying
Frehland’s formalism to the Ketterer model (trans-
locations are the only processes which produce current
fluctuations), the power spectrum in the steady state
can be written as

G() = 2223 {19{3 + o]
+ 2k} [p{FON ) — oS GN 0]

+ 2K [SPBN ) — SFEN 1Y, (32)

where 5 (0$2) is the stationary translocation flux
from left to right (right to left) and (6/Vy;) is the
Fourier transform of the surface density displacement
at site i if, at # = 0, there is a unit surface density fluc-
tuation at site j,
®Np= [ drcos 2aft BNy(), SNy 0)=55. (33)
0
The translocation fluxes can be written directly

A =KNA=k(BC—n)A , (342)
A =KN'A=K(BC+n)A , (34b)

with 7, the stationary concentration displacement,
given by eq. (30a). To compute the (V) requires
solving eqgs. (5)—(7) for the regression of the prescribed
fluctuation about the steady state described by eq.
(30). This calculation can be accomplished using the
Laplace transform method [10]; it is simplifieC if sym-

metric and antisymmetric contribuaticns to the decay-
ing fluctuations are handled separately. Proceeding as
in sect. 2 of ref. [10], the Laplace transforms of the
displacement functions are found to be

SN ()= {@+T —(AI)@ -D}/2, (352)
SN, ()= {® — T+ (4@~ DY2, (35b)
EN2(s)= & - T — (A/K)@E -T}2, (35¢)
85y(s)= {+T + (/)@ -T2, (359)
where

e 1 — 1

PO e O TR Ry S

_ \/sD
T)= /5D < k@ tanh I~/s/D Gn

The function T (5) is precisely that which gives rise
to the equilibrium power spectrum; in the limit that
L — == it is the integrand of eq. (15) (identifying s as
kz). The function ®(s) is new and accounts for any
structural changes in the frequency dependence of the
power spectrum due to the system being in a steady
state rather than at equilibrium. Combining egs. (32)—
(35) and substituting from egs. (16), (30a) and (31),
the non-equilibrium power spectrum is
{4k;k;'BC

—5.2,2
G()=2z%ep4 (38)

o ) 1
K = A 1

—_— fa 27 _ 4 = .
X[l 0fdz‘ os._—rftzﬂifdse‘l"(s)J+KDc)zJ
Limiting considerztion to frequencies large enough
that the unstirred layer may be assumed infinite for
purposes of Laplace transform invérsion and substi-
tuting for o from eq. (304d), the result is

8z2e2Kk; k]’ ABC
CUN="""( e 1—56)
i
2z2e3(k, — K)?
o\ - i ABC Beo . (39)
K+ &S By +L

The first term is structurally identical to the equilibrium
current noise, eq. (17); the only change is that now

ki = k5. The second term is the additional non-equilib-
rium contribution, it is positive semi-definite, vanishing
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only at equilibrinm (when kj= k) orif L =oq
3.2, Interpreration

According to eq.{39) there are two contributions
to the non-equilibrium current noise. The first term is
structurally identical to the equilibrium noise, eq. (17%
the only difference is that the frequency scale is now
proportional to kj + ki, not 2k;, reflecting the fact
that translocation is voliage dependent. The second
term is the so-called “excess noise™; it is, quite sur-
prisingly, frequency independent. Non-equilibrium
fluctuations increase the noise level by a constant
amount; no singular behavior at low frequency is pre-
dicted, It is worth noting that terms involving $(s),
which contribute to the displacement functions
61\%(3) of eq. (35), yield, when inverse Laplace trans-
formed and Fourier transformed, spectral decomposi-
tions for which the intensity increases as the frequen-
cy drops. For frequencies large encugh so that the un-
stirred layers may still be treated as infinitely thick,
the frequency dependence of the ion surface density
correlations in this region of the low frequency do-
main is proportional to 1A/f.

In any event, solution of the Ketterer model in-
cluding diffusive coupling indicates no low frequency
singularities in the non-equilibrium current noise spec-
trum. Whether this result is general or if it simply re-
flects the restrictive assumption that only transloca-
tion processes contribute to current fluctuarions is
unclear. More general analysis, in which the voliage
dependence of the adsorption/desorpiion process is
incorporated is needed to answer this question. Thus
the problem of whether diffusive coupling can lead to
singular behavior of the luw frequency excess noise in
hydrophobic ion traasport remains unresolved,

A final question is the relative importance of the
equilibrium and non-equilibrium contributions 1o the
power spectrum. From eq. (39) the relative intensity
of the normal and excess contributions to the white
noise is

_ Gafexcess) (K- K _ go
= = - -
G, (normal) AKK; Bory + L
Assuming the barrier to translocation is both narrow
and steep, the rate constants &} and &} are {9]

. (40)

k; =kiez“/2 . ki' = kie-—zulz s

u=eyVikpgT. 4n

If unstirred layers are typically 100--300 pm thick,
literature values of § and %; [9,10,23] indicate that

hydrophobic ion/membrane systems fall into two
catagories.

3.2 1. Negative ions {Bwx < L}
For negative ions S is usually much less than L
and, using egs. {41 and (162, R is

R ~ (BofL) sinh2zu/2

D sinh2zu/2
— ’?
2KBL cosh zu/2 7 “2)

For excess noise 1o be measurable, R must be larger
than the ratio of background to white noise. A favor-
able system is tetraphenylborate/phosphatidylserine
for which the factor D/2k;L is ~10~2 [10]. Assum-
ing, in line with the discussion of section 2.2, that the
background noise is ~0.1% of the white noise, the ex-
cess noise would be above background for potentials
greater than ~15 mV. As a result, moderate applied
potentials could lead to significant increases in low
frequency current noise. An unfavorable system is
dipicrylamine/phosphatidyicholine for which Df2kBL
is ~10—> [9]. Here the excess noise does not reach
the 0.19 level until a potential of ~250 mV is applied:
non-equilibrium contributions are not measurable
until the external potential is so large that membrane
rupture becomes a distinct possibility.

3.2.2 Positive ions (B> L)

For positive ions the published values of gk; {23}
suggest that fwo > L R, from eqs. (40), (41) and (16),
is

R ~ (1/v) sinh2zu/2

3
" k + 2k; cosh zuf2

sinh2zu/2 . {43)
Here the excess noise is significant even at low voltage
(unless k <€ k,) and should be easy to measure, assums
ing noise measurements on this elass of systems to be
at all feasible. Such measurements could directly
answer the question of whether desorption or trans-
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location is the faster process. The only difficulty is
whether the equilibrium white noise is intense enough.
From egs. (15z) and (16), G (norm) is proportional
to ()~ 1; as a result conditions favorable for mea-
suring excess noise are problematical for determining

the equilibrium white noise.

4, Recapitulation

Both equiiibrium and non-equilibrium current noise
spectra for the Ketterer [9] model of hydrophobic ion
transport through membranes have been calculated.
Only the translocation process is presumed to be vol-
tage dependent.

The equilibrium spectrum is governed by aqueous
diffusion at low frequency, G ~ f1/2, and by mem-
brane processes at high frequency, G ~ f2 /(f o+ ),
with fj the characteristic relaxation frequency. De-
pending upon the relative rates of diffusion, adsorp-
tion, desorption and translocation the high and low
frequency regions may be separated by a plateau.
From the intensity of white noise 3k; can be estimat-
ed, eq. (22). If the plateau noise is substantially less
intense than the white noise, k; can be determined
since the line shape of the high frequency noise isa
complementary lorentzian. Depending upon the rcla-
tive intensity of background and white noise, £k may
be measurable: if not bounds on & mayv often be ob-
tained.

The steady state spectrum is comprised of tvo
parts, a frequency dependent equilibrium-like term
and a constant excess noise term. No low frequency
singularity in the excess noise is predicted on the ba-
sis of the restricted Ketterer model; this may be a con-
sequence of assuming that only translocations con-
tribute to current fluctuations. The excess noise
should be most readily observable for transport of
positive ions; it may be totally masked by other noise
sources for transport of negative ions unless the ap-
plied potential is so high that membrane rupture is
likely.
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Appendix: Evaluation of S(v)

From eq. (18b), the structure function S(») may be
written in alternate forms as

S{v)=\/w ]‘m du u? 1
7oL v woulfgul - y]1 7+ P12
f du uJ (A-D
""1 ud + 2
{ Swiu — i \{
Joou —
~ —ce), {AD)
gwud — 2 — wWeou +i J

which are convenient for evaluation using contour in-
tegration methods with the contour llustrated in fig.
3. Since the contribution along the contour at R S oo
is zero (the integrand of eq. (A.1) is proportional to
R—% along that path), S(») by the Cauchy theorem is
found by computing the contribution from the resi-
dues at each pole in the upper half plane [24].

The function g/cou’ — i — y/wu + i has three
roots within the designated contour: its complex con-
jueate has none. Either all roots are pure imaginary
or one is imaginary and two are complex. The condi-
tions governing this distinction have been discussed
before [10]. For analytical convenience consider the
latter case in which the roots occur at

uy=ig, up=relv, wuz=—re"iv, (A3)
where

rla=t=1jgVo, rsinpra=g,
r(r+2asingp)=n=vy/g. (A4
The roots of 4% + v2 within the contour are

wg =~frenild |y =~fpedni/a (A5)

Applying the Cauchy theorem to eq. (A.2) yields,
after straightforward, but tedious, algebra
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u- plane

Fig. 3. Integration contour for evaluating S(»). The position
of the poles is indicated schematically for the case analyzed
in the Appendix.

e~ 1 Pa®)
5= z u4 +2 Lnl @j—u)” R’
where P,(v) and R(¥) are given in eq. (20) and the
prime indicates that the term £ =j is excluded. Re-
formulation of the first term in eq. (A.6) is a bit com-
plicated. From its functional form it can clearly be
expressed as a fraction

(jleo A iv’-’i) / ( ,-]i"o B,-xﬂi) .

in which, for convenience, we define B3 = 1. With this
definition the other B; are readily identified as

Mt s I

(A.6)

AN

b

1]’

~y
M
1
N.A

By=crup . (A.8)

From egs. (A.8), (A.3) and (A.4) we find

By=r8a% =4, (A.92)
=rA(@* + 2a% cos 4y) , (A9b)

By=a%+2rfcos 4y . (A.90)

Simplification of B; and B, is not as easy as finding
a compact form for By. Eq. (A 4) yields some rela-
tionships useful in further analysis

rsinp=&(£—a,

r2 = Ei’a = 02

Zrasin g=n—~r2=a(f —a),
—ta+n, a>=%?-ma+ri. (A10)

Consider eq. (A.9¢) which, using trigonometric iden-
tities, is
B, =a% +2r* {1 - 8 sin2p + 8 sin?y} . (A.11)

Now using eq. (A.10) to eliminate the dependence on
both r and sin ¢, B, is

B, =a%* +2r2 - 12 — 4r2(2r sin v)2 + (2r sin @)?
(A12)
~t 1B @ g - E a2t

Then, with the expression for a3 in eq. (A.10), B,
finally reduces to

= —482(n—1)+20?, (A.13)

which, when combined with egs. (A.4) and (A 9a),
yields the result

B, =Byl —4gw + 2g2y2w2) . (A149)
Similar analysis shows that

so that, by comparison with eq. (20c), we express the
denominator of eq. (A.7) as
3

i I B2 = ByR(»)= E*R(») -
=0

(A.16)

The numerator of eq. (A.7) presents similar prob-
lems. Comparing the first term of eq. (A.6) with eq.
(A7) in the limit that » — 0 yields

3
Ag E ( ) 1
11— %) 1T = A17
Bo =1 u;fr=1 (u ““L) ( )
which may be rewritten as
AO i
B (ul—uz)(u,—u3)(u3—u])
Uy —Uy Uo—U; Uy—U
X{1 2,2 3,3 1}, (A-18)
Uz uy Uy

which, after substitution from eq. (A.3), becomes
A 0 E
2ar sin @ + 12 ]

rcos ¢pfa? —

x{———' COSY +2COSY _ Gin 2¢} . (A.19)

Now, simplifying and using eq. (A.4), we find
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Ag=Bot/r’a=B, . (A.20)

In the same fashion 4 and 4, are evaluated; the re-
sults are

Ay =By{l - yw +gy3w?} (A.21a)

(A.21b)

Thus the numerator of ey. (A.7), when compared with
eq. (20a), is
2

Ay =Byrge>.

11;[0 A2 = BoPy () (A22)

and, using eq. (A.16), the first term ineq. (A.6) is
Py (»)/R(v), precisely the desired result.
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